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Abstract 
A mechanistic model is presented to calculate the factor of safety of large-diameter grey cast iron water mains. Uncertainty in the 
model inputs is accounted for using Monte Carlo simulation. The model is used in a deterministic sensitivity analysis to 
determine which inputs have the largest effect on the factor of safety. A stochastic sensitivity analysis is undertaken to further 
investigate the sensitivity of the model output to the variables identified in the deterministic analysis. 
© 2014 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
Water distribution infrastructure across North America is reaching the end of its expected life span. Of particular 
concern are grey cast iron (CI) water mains, some of which were installed as long ago as the 1800s. CI tends to 
corrode in aggressive environments, which reduces a pipes ability to resist applied loads. Though CI water mains are 
no longer manufactured for use in the water pipe industry, a study by Folkman [1] found that CI water mains 
represent approximately 28% of the water mains in use in Canada and the United States. It was also found that they 
experience the highest failure rate of any material of water mains, at a rate of 24.4 failures per 100 Mi. of pipe per 
year. Large-diameter water mains are the main transmission lines in a water distribution system, and thus are of 
particular importance. Folkman [1] showed that large-diameter water mains tend to have a lower rate of failure then 
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smaller-diameter water mains. However, the consequences of their failure can be much more severe in terms of 
repair costs, disruption and compensation claims. Therefore, a proactive approach, based on predicted future 
performance, may be warranted when planning the repair and replacement of large-diameter water mains. 
This paper presents a mechanics-based model to calculate the time-dependent factor of safety (FoS) of large-
diameter (> 500 mm), CI water mains. A stochastic approach is used due to high uncertainty in both spatial and 
temporal factors contributing to the deterioration and failure of CI water mains. Monte Carlo Simulation (MCS) is 
used implement this approach, whereby input parameters are treated as random variables and sampled from set 
probability distributions. The model is used in a one-way, deterministic sensitivity analysis to identify which 
parameters have the greatest impact on the calculated FoS. A stochastic sensitivity analysis is then undertaken to 
investigate the effects of the parameters identified in the deterministic analysis on the FoS and percent of failures. 
Mechanistic models have previously been developed to predict the reliability or failure of water mains by 
modeling the physical processes of deterioration, the ability of the pipe to resist loads and the stresses experienced 
by the pipe due to internal and external loads. Rajani et al. [2] developed a mechanistic, deterministic model to 
estimate the service life of CI water mains. The project included the testing of samples exhumed from sites across 
North America, and the development of a two-phase corrosion model and a model relating the corrosion pit depth to 
the residual yield strength of the pipe. Sadiq et al. [3] further developed this model by conducting a stochastic 
analysis using MCS. Tesfariam et al. [4] developed a mechanistic, possibilistic model to estimate the structural 
capacity of CI water mains. The possibilistic framework was implemented using fuzzy number theory. Moglia et al. 
[5] and Davis and Marlow [6] developed a mechanistic, probabilistic model to estimate the economic life-spans of 
CI water mains based on Australian data. 
2. Method 
A review of the different failure modes of CI water mains by Makar et al. [7] showed that large-diameter pipes 
tend to fail by bell shearing failure and longitudinal cracking. Bell shearing failure occurs when a section of the bell 
shears off. Longitudinal cracking occurs due to tensile hoop stresses acting on the pipe. 
CI tends to corrode in aggressive environments, leading to corrosion pitting and graphitization, and is a major 
cause of water main breaks [1]. The corrosion rate is difficult to determine as it is affected by many factors which 
can vary significantly, even along the length of a single pipe segment [2]. In the model presented, failure of large-
diameter CI water mains is assumed to occur by a combination of stresses resulting from internal and external loads 
and a reduction in the strength of the pipe due to corrosion. Both axial and hoop stresses affecting the pipe are 
calculated, however in all cases the axial stresses are lower than the hoop stresses. The FoS is used to characterize 
the condition of the water main and failure is assumed to occur if the FoS falls below 1. 
Table 1:  Summary of equations used in the hoop and axial stress calculations 
Load Hoop Stress Equation Axial Stress Equation Source(s) 
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2.1 Load calculations 
The model includes a number of component load calculations. A summary of the equations used to calculate the 
hoop and axial stresses due to each of the component loads is shown in Table 1. A glossary of all variables used is 
provided in the appendix. Two loading cases are considered in the model when calculating the FoS: 1) a pressure 
surge with no live load, and 2) normal operating pressure and a live load. A time step of one year is used in the 
calculations. 
For the internal pressure calculation, the internal pressure under normal operating conditions (pi) is used if normal 
operating conditions are assumed, as in loading case 2. If surge event conditions are assumed, as in loading case 1, 
the internal pressure under surge conditions (ps) is used. 
 
The total hoop and axial stresses for case 1 are calculated as: 
1 E S F T
T T T T TV V V V V     and 1x x x x xE S F TV V V V V      (1) 
And the total hoop and axial stresses for case 2 are calculated as: 
2 E L P F T
T T T T T TV V V V V V      and 2x x x x x xE L P F TV V V V V V       (2) 
1.2 Residual yield strength 
Investigations into the rate of corrosion pit growth suggest the rate of growth is high in the early stages and 
decreases over time as corrosion products form and inhibit the process [3]. The two-phase model developed by 
Rajani et al. [3] is used to estimate the maximum corrosion pit depth. The model simulates rapid, exponential 
growth at early times, and a slower, linear growth at later times. 
(1 )cTd aT b e      (3) 
An empirical relationship, also developed by Rajani et al. [3], between the reduction in the tensile yield strength 








DV E    (4) 
Where β = a1(d / tres)b1 , the residual wall thickness is calculated as tres = t − d and the lateral dimension of the 
corrosion pit is calculated as an = L · D. 
1.3 Factor of safety 
The FoS is calculated using the maximum of the tensile hoop or axial stress occurring in case 1 or case 2 and the 
yield strength of the pipe. 
1 1 2 2( , , , )
Y
x xFoS MAX T T
V
V V V V    (5) 
1.4 Probabilistic analysis 
There are two main sources of uncertainty in the model. The first is due to the use of mechanical-based equations 
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that are approximations of the actual processes affecting pipes. The second is the uncertainty in the true values of all 
input parameters due to temporal and spatial variations, and due to a lack of information on expected values.  
Therefore, a probabilistic analysis is used to account for some of the uncertainty. Within this framework the inputs 
are considered to be random variables with known or assumed probability distributions. The output of such an 
analysis is therefore also a random variable with measurable uncertainty.  
3. One-way sensitivity analysis 
A deterministic, one-way sensitivity analysis was undertaken to determine the influence of model inputs on the 
calculated FoS. In the one-way sensitivity analysis, each input parameter was varied over a realistic range one at a 
time, while keeping other inputs fixed. This was repeated for all commercially-available diameters of CI pipe from 
500 mm to 1500 mm. The results of the deterministic sensitivity analysis showed that there were two variables that 
have a large influence on the calculated FoS: the pipe wall thickness (t), and the pitting depth scaling constant (b) (in 
Equation 3). 
4. Stochastic sensitivity analysis 
A stochastic sensitivity analysis was undertaken to examine the influence of the variables identified in the one-
way sensitivity analysis. MCS was used to perform the stochastic analysis. A simulation time of 200 years was used, 
with 10,000 iterations per year. The general corrosion rate was analyzed instead of the pitting depth scaling constant 
(b) because, it was assumed, the corrosion rate inputs are not truly independent of each other. The sensitivity 
analysis examined the influence of the select inputs on the mean FoS and the percent of failures. The percent of 
failures was calculated as the percentage of the 10,000 calculated FoS values for each year with a value less than 1.  
4.1 Pipe wall thickness 
Two nominal diameters, 600 mm and 1050 mm, were analyzed to determine the effect of variations in the pipe 
wall thickness. The wall thickness was varied through the dimensions of the different commercially available 
pressure classes for each diameter of pipe. The random variable characterizing the pipe wall thickness represented 
only a single pressure class. Fig. 1a shows the mean FoS over time for the 600 mm and 1050 mm pipes, for pressure 
classes of 345, 1034 and 1724 kPa. For both diameters of pipe, increasing the pressure class increased the mean 
FoS. For example, at a time of 100 years for the 600 mm diameter pipe, the 1034 kPa pipe had a mean FoS 1.5 times 
higher than the 345 kPa pipe. 
Comparing the change in the FoS due to a change in the pressure class compared to a change in the nominal 
diameter show that a change in the pressure class has a larger effect. Despite the difference in nominal diameter, the 
two 345 kPa pipes have the two lowest mean FoS, with the 600 mm and 1050 mm pipes having mean FoS values of 
2.2 and 2.8, respectively. The two 1724 kPa pipes have two highest mean FoS values, with the 600 mm and 1050 
mm pipes having mean FoS values of 4.2 and 5.4, respectively. 
Fig. 1b shows the percent of failures over time for the 600 mm and 1050 mm pipes, for pressure classes of 345, 
1034 and 1724 kPa. The percent of failures increases linearly with time. Increasing the pressure class decreases the 
percent of failures for both the diameters of pipe. For example, at a time of 100 years, the 600 mm, 345 kPa pipe has 
a percent of failures over 15 times higher than the 600 mm, 1034 kPa pipe. 
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Fig. 1. a) Mean factor of safety over time and, b) percent of failures over time for different pressure classes. 
4.2 Corrosion rate 
The corrosion rate was varied through low, medium, high, and unknown rates to examine the influence on the 
calculated FoS and percent of failures. The unknown corrosion rate encompasses all the typical values, and would 
be used when the corrosivity of the soil cannot be estimated. A 600 mm nominal diameter, 1379 kPa pressure class 
pipe was modeled in the analysis.  
Fig. 2a shows the mean FoS over time for the different corrosion rates. As the corrosion rate increases, the mean 
FoS decreases. The rate of decrease of the FoS is higher for higher corrosion rates at early times, while the rate of 
decrease at later times appears approximately constant for all corrosion rates. At a time of 100 years, the low, 
medium and high corrosion rates produced FoS values of 9.6, 3.9, and 2.4, respectively. The low corrosion rate led 
to a much higher FoS because of the non-linear relationship between the residual yield strength and the corrosion pit 
depth (Equation 4). Therefore, the difference in FoS between a small pit depth and a medium pit depth is greater 
than the difference between a medium pit depth and a large pit depth. 
Fig. 2b shows the percent of failures over time for the different corrosion rates. An increase in the corrosion rate 
increased the percent of failures. At a time of 100 years, the low corrosion rate produced a 0.03% failure rate while 
the high corrosion rate produced a 3.6% failure rate. These results show the benefit of understanding the corrosivity 
of the soil when planning the repair and rehabilitation of water mains.  In this case, the percent of failures increased 
non-linearly over time. This differs from Fig. 1b, where the increase is linear over time. This difference is due to the 
way the pipe wall thickness (pressure class) is represented in each case. In the analysis for Fig. 2b, all pressure 
classes were represented. Thus as the corrosion pit depth increased over time, more of the possible pressure classes 
became weak enough to fail under stress conditions possible in the model. Therefore, the rate of failure increases 
over time. In the analysis for Fig. 1b only one pressure class was represented and the increase was linear. 
5. Conclusions 
A mechanistic model to estimate the time-dependent FoS of CI water mains was presented. The model employs a 
series of established pipe and pipe-soil interaction models, with parameter estimates based on values in the 
literature. A deterministic, one-way sensitivity analysis showed that the pipe wall thickness and corrosion rate had 
the largest impact on the calculated factor of safety. A stochastic sensitivity analysis showed that: i) as the pipe wall 
thickness increased, the mean FoS increased and the percent of failures decreased. Also, increasing wall thickness 
had a larger effect then increasing nominal diameter on the factor of safety. And ii) as the corrosion rate increased, 
the mean FoS increased and the percent of failures decreased. The results suggest that knowledge of the pipe 
dimensions and soil corrosivity are important in modeling the lifespan of CI water mains. 
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Fig. 2. a) Mean factor of safety over time and, b) percent of failures over time for different corrosion rates. 
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Appendix A. Glossary 
α, S Constants in residual yield strength equation c Corrosion rate inhibition factor 
αp Coefficient of thermal expansion of pipe material cp Curvature of pipe due to live load 
β Geometric shape factor CI Cast iron 
γs Unit weight of backfill D Outer diameter of pipe 
ΔT Temperature gradient across pipe wall d Maximum corrosion pit depth 
νp Poisson’s ratio of pipe material Di Inner diameter of pipe 
YV  Residual yield strength of pipe Ep Modulus of elasticity of pipe 
C
TV  Hoop stress due to curvature of pipe Es Modulus of elasticity of backfill 
E
TV  Hoop stress due to earth load f Frost load multiplier 
F
TV  Hoop stress due to frost load FoS Factor of safety 
L
TV  Hoop stress due to live load H Burial depth to crown of pipe 
P
TV  Hoop stress due to normal operating pressure Ip Second moment of area per unit length of pipe 
S
TV  Hoop stress due to internal pressure under surge conditions K Coefficient of lateral pressure of backfill 
T
TV  Hoop stress due to temperature gradient across pipe wall Kq Provisional fracture toughness of pipe 
x
EV  Axial stress due to earth load L Multiplier of pit depth 
x
FV  Axial stress due to frost load M Moment due to live load 
x
LV  Axial stress due to live load Msp Moment at springline due to earth load 
x
PV  Axial stress due to normal operating pressure MCS Monte Carlo simulation 
x
SV  Axial stress due to internal pressure under surge conditions Nsp Thrust at springline due to live load 
x
CV  Axial stress due to temperature gradient across pipe wall pi Internal pressure under normal operating conditions 
a Final pitting rate constant ps Internal pressure under surge conditions 
a1, b1 Constants used to calculate β T Time 
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na  Lateral dimension of corrosion pit t Original pipe wall thickness 
Ap Cross-sectional area per unit length of pipe tres Residual wall thickness 
b Pitting depth scaling factor ty  Distance from neutral axis to extreme fibre 
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